We present a new method for forecasting systems of multiple interrelated time series. The method learns the forecast models together with discovering leading indicators from within the system that serve as good predictors improving the forecast accuracy and a cluster structure of the predictive tasks around these. The method is based on the classical linear vector autoregressive model (VAR) and links the discovery of the leading indicators to inferring sparse graphs of Granger causality. We formulate a new constrained optimisation problem to promote the desired sparse structures across the models and the sharing of information amongst the learning tasks in a multi-task manner. We propose an algorithm for solving the problem and document on a battery of synthetic and real-data experiments the advantages of our new method over baseline VAR models as well as the state-of-the-art sparse VAR learning methods.
Introduction
Time series forecasting is vital in a multitude of application areas. With the increasing ability to collect huge amounts of data, users nowadays call for forecasts for large systems of series. On one hand, practitioners typically strive to gather and include into their models as many potentially helpful data as possible. On the other hand, the specific domain knowledge rarely provides sufficient understanding as to the relationships amongst the series and their importance for forecasting the system. This may lead to cluttering the forecast models with irrelevant data of little predictive benefit thus increasing the complexity of the models with possibly detrimental effects on the forecast accuracy (over-parametrisation and over-fitting).
In this paper we focus on the problem of forecasting such large time series systems from their past evolution. We develop a new forecasting method that learns sparse structured models taking into account the unknown underlying relationships amongst the series. More specifically, the learned models use a limited set of series that the method identifies as useful for improving the predictive performance. We call such series the leading indicators.
In reality, there may be external factors from outside the system influencing the system developments. In this work we abstract from such external con-founders for two reasons. First, we assume that any piece of information that could be gathered has been gathered and therefore even if an external confounder exists, there is no way we can get any data on it. Second, some of the series in the system may serve as surrogates for such unavailable data and we prefer to use these to the extent possible rather than chase the holy grail of full information availability.
We focus on the class of linear vector autoregressive models (VARs) which are simple yet theoretically well-supported, and well-established in the forecasting practice as well as the state-of-the-art time series literature, e.g. Lütkepohl (2005) . The new method we develop falls into the broad category of graphical-Granger methods, e.g. Lozano et al. (2009) ; Shojaie and Michailidis (2010) ; Songsiri (2013) . Granger causality (Granger, 1969) is a notion used for describing a specific type of dynamic dependency between time series. In brief, a series Z Granger-causes series Y if, given all the other relevant information, we can predict Y more accurately when we use the history of Z as an input in our forecast function. In our case, we call such series Z, that contributes to improving the forecast accuracy, the leading indicator.
For our method, we assume little to no prior knowledge about the structure of the time series systems. Yet, we do assume that most of the series in the system bring, in fact, no predictive benefit for the system, and that there are only few leading indicators whose inclusion into the forecast model as inputs improves the accuracy of the forecasts. Technically this assumption of only few leading indicators translates into a sparsity assumption for the forecast model, more precisely, sparsity in the connectivity of the associated Granger-causal graph.
An important subtlety for the model assumptions is that the leading indicators may not be leading for the whole system but only for some parts of it (certainly more realistic especially for lager systems). A series Z may not Granger-cause all the other series in the system but only some of them. Nevertheless, if it contributes to improving the forecast accuracy of a group of series, we still consider it a leading indicator for this group. In this sense, we assume the system to be composed of clusters of series organised around their leading indicators. However, neither the identity of the leading indicators nor the composition of the clusters is known a priori.
To develop our method, we built on the paradigms of multi-task, e.g. Caruana (1997) ; Evgeniou and Pontil (2004) , and sparse structured learning (Bach et al., 2012) . In order to achieve higher forecast accuracy our method encourages the tasks to borrow strength from one another during the model learning. More specifically, it intertwines the individual predictive tasks by shared structural constraints derived from the assumptions above.
To the best of our knowledge this is the first VAR learning method that promotes common sparse structures across the forecasting tasks of the time series system in order to improve the overall predictive performance. We designed a novel type of structured sparsity constraints coherent with the structural assumptions for the system, integrated them into a new formulation of a VAR optimisation problem, and proposed an efficient algorithm for solving it. The new formulation is unique in being able to discover clusters of series based on the structure of their predictive models concentrated around small number of leading indicators.
Organisation of the paper The following section introduces more formally the basic concepts: linear VAR model and Granger causality. The new method is described in section 3. For clarity of exposition we start in section 3.1 from a set of simplified assumptions. The full method for learning VAR models with task Clustering around Leading indicators (CLVAR) is presented in section 3.2. We review the related work in section 4. In section 5 we present the results of a battery of synthetic and real-data experiments in which we confirm the good performance of our method as compared to a set of baseline state-of-theart methods. We also comment on unfavourable configurations of data and the bottlenecks in scaling properties. We conclude in section 6.
Preliminaries
Notation We use bold upper case and lower case letters for matrices and vectors respectively, and plain letters for scalars (including elements of vectors and matrices). For a matrix A, the vectors a i,. and a .,j indicate its ith row and jth column, a i,j is the (i, j) element of the matrix. A ′ is the transpose of A, diag(A) is the matrix constructed from the diagonal of A, ⊙ is the Hadamard product, ⊗ is the Kronecker product, vec(A) is the vectorization operator, and ||A|| F is the Frobenius norm. Vectors are by convention column-wise so that x = (x 1 , . . . , x n ) ′ is the n-dimensional vector x. For any vectors x, y, x, y and ||x|| 2 are the standard inner product and ℓ 2 norms. 1 K is the K-dimensional vector of ones.
Vector Autoregressive Model
For a set of K time series observed at T synchronous equidistant time points we write the VAR in the form of a multi-output regression problem as Y = XW+E. Here Y is the T ×K output matrix for T observations and K time series as individual 1-step-ahead forecasting tasks, X is the T × Kp input matrix so that each row x t,. is a Kp long vector with p lagged values of the K time series as inputs x t,. = (y t−1,1 , y t−2,1 , . . . , y t−p,1 , y t−1,2 , . . . , y t−p,K ) ′ , and W is the corresponding Kp × K parameters matrix where each column w .,k is a model for a single time series forecasting task (see Fig. 1 ). We follow the standard time series assumptions: the T × K error matrix E is a random noise matrix with i.i.d. rows with zero mean and a diagonal covariance; the time series are second order stationary and centred (so that we can omit the intercept).
In principle, we can estimate the model parameters by minimising the standard squared error loss
which corresponds to maximising the likelihood with i.i.d. Gaussian errors and spherical covariance. However, since the dimensionality Kp of the regression problem quickly grows with the number of series K (by a multiple of p), often even relatively small VARs suffer from over-parametrisation (Kp ≫ T ). Yet, typically not all the past of all the series is indicative of the future developments of the whole system. In this respect the VARs are typically sparse.
In practice, the univariate autoregressive model (AR) which uses as input for each time series forecast model only its own history (and thus is an extreme sparse version of VAR), is often difficult to beat by any VAR model with the complete input sets. A variety of approaches such as Bayesian or regularisation techniques have been successfully used in the past to promote sparsity and condition the model learning. Those most relevant to our work are discussed in section 4.
Granger-causality Graphs
Granger (1969) proposed a practical definition of causality in time series based on the accuracy of least-squares predictor functions. In brief, for two time series Z and Y , we say that Z Granger causes if, given all the other relevant information, a predictor function using the history of Z as input can forecast Y better (in the mean-square sense) than a function not using it. Similarly, a set of time series {Z 1 , . . . , Z l } G-causes series Y if it can be predicted better using the past values of the set.
The G-causal relationships can be described by a directed graph G = {V, E} (Eichler (2012) ), where each node v ∈ V represents a time series in the system, and the directed edges represent the G-causal relationships between the series. In VARs the G-causality is captured within the W parameters matrix. When any of the parameters of the k-th task (k-th column of the W) referring to the p past values of the l-th input series is non-zero, we say that the l-th series G-causes series k, and we denote this in the G-causal graph by a directed edge e l,k from v l to v k .
Figure 1: W and G-causal graph. Fig. 1 shows a schema of the VAR parameters matrix W and the corresponding G-causal graph for an example system of K = 7 series with the number of lags p = 3. In 1(a) the gray cells are the non-zero elements, in 1(b) the circle nodes are the individual time series, the arrow edges are the G-causal links between the series 1 . For example, the arrow from 2 to 1 indicates that series 2 G-causes series 1; correspondingly the cells for the 3 lags in the 2nd block-row and the 1th column are shaded ( w 2,1 ). Series 2 and 5 are the leading indicators for the whole system, their block-rows are shaded in all columns in the W matrix schema and they have out-edges to all other nodes in the G-graph.
One may question if calling the above notion causality is appropriate. Indeed, unlike other perhaps more philosophical approaches, e.g. Pearl (2009) , it does not really seek to understand the underlying forces driving the relationships between the series. Instead, the concept is purely technical based on the series contribution to the predictive accuracy, ignoring also possible confounding effects of unobservables. Nevertheless, the term is well established in the time series community. Moreover, it fits very well our purposes, where the primary objective is to learn models with high forecast accuracy that use as inputs only those time series that contribute to improving the accuracy -the leading indicators. Therefore, acknowledging all the reservations, we stick to it in this paper always preceding it by Granger or G-to avoid confusion.
Learning VARs with Clusters around Leading Indicators
We present here our new method for learning VAR models with task Clustering around Leading indicators (CLVAR). The method relies on the assumption that the generating process is sparse in the sense of there being only a few leading indicators within the system having an impact on the future developments. The leading indicators may be useful for predicting all or only some of the series in the systems. In this respect the series are clustered around their G-causing leading indicators. However, the method does not need to know the identity of the leading indicators nor the cluster assignments a priori and instead learns these together with the predictive models.
In building our method we exploited the multi-task learning ideas (Caruana, 1997) and let the models benefit from learning multiple tasks together (one task per series). This is in stark contrast to other state-of-the-art VAR and graphical-Granger methods, e.g. Arnold et al. (2007); Lozano et al. (2009); . Albeit them being initially posed as multi-task (or multi-output) problems, due to their simple additive structure they decompose into a set of single-task problems solvable independently without any interaction and information sharing during the per-task learning. We, on the other hand, encourage the models to share information and borrow strength from one another in order to improve the overall performance by intertwining the model learning via structural constraints on the models derived from the assumptions outlined above.
Leading Indicators for Whole System
For the sake of exposition we first concentrate on a simplified problem of learning a VAR with leading indicators shared by the whole system (without clustering). The structure we assume here is the one illustrated in Fig. 1 . We see that the parameters matrix W is sparse with non-zero elements only in the block-rows corresponding to the lags of the leading indicators for the system (series 2 and 5 in the example in Fig. 1 ) and on the block diagonal. The block-diagonal elements of W are associated with the lags of each series serving as inputs for predicting its own 1-step-ahead future. It is a stylised fact that the future of a stationary time series depends first and foremost on its own past developments. Therefore in addition to the leading indicators we want each of the individual series forecast function to use its own past as a relevant input. We bring the above structural assumptions into the method by formulating novel fit-for-purpose constraints for learning VAR models with multi-task structured sparsity.
Learning Problem and Algorithm for Learning without Clusters
We first introduce some new notation to accommodate for the necessary block structure across the lags of the input series in the input matrix X and the corresponding elements of the parameters matrix W. For each input vector x t,. (a row of X) we indicate by x t,j = (y t−1,j , y t−2,j , . . . , y t−p,j ) ′ the p-long sub-vector of x t,. referring to the history (the p lagged values preceding time t) of the series j, so that for the whole row we have x t,. = (x t,1 , . . . ,
Correspondingly, in each model vector w .,k (a column of W), we indicate by w j,k the p-long sub-vector of the kth model parameters associated with the input sub-vector x t,j . In Fig. 1 , w 2,1 is the block of the 3 shaded parameters in column 1 and rows {4, 5, 6} -the block of parameters of the model for forecasting the 1st time series associated with the 3 lags of the 2nd time series (a leading indicator) as inputs. Using these blocks of inputs x t,j and parameters w j,k we can rewrite the inner products in the loss in (1) 
Next, we associate each of the parameter blocks with a single non-negative scalar γ b,k so that w b,k = γ b,k v b,k . The Kp × K matrix V, composed of the blocks v b,k in the same way as W is composed of w b,k , is therefore just a rescaling of the original W with the weights γ b,k used for each block. With this new re-parametrization the squared-error loss (1) is
Finally, we use the non-negative
. . , K} to formulate our multi-task structured sparsity constraints. In Γ each element corresponds to a single series serving as an input to a single predictive model. A zero weight γ b,k = 0 results in a zero parameter sub-vector w b,k = 0 and therefore the corresponding input sub-vectors x t,b (the past lags of series b for each time point t) have no effect in the predictive functions for task k.
Our assumption of only small number of leading indicators means that most series shall have no predictive effect for any of the tasks. This can be achieved by Γ having most of its rows equal to zero. On the other hand, the non-zero elements corresponding to the leading indicators shall form full rows of Γ. As explained in section 3.1, in addition to the leading indicators we also want each series past to serve as an input to its own forecast function. This translates to non-zero diagonal elements γ i,i = 0. To combine these two contradicting structural requirements onto Γ (sparse rows vs. non-zero diagonal) we construct the matrix from two same size matrices Γ = A+B, one for each of the structures: A for the row-sparse of leading indicators, B for the diagonal of the own history.
We now formulate the optimisation problem for learning VAR with shared leading indicators across the whole system and dependency on own past as the constrained minimisation
where the links between the matrices A, B, Γ, V and the parameter matrix W of the VAR model are explained in the paragraphs above.
In (3) we force all the columns of A to be equal to the same vector α 2 , and we promote the sparsity in this vector by constraining it onto a simplex of size κ. κ controls the relative weight of each series own past vs. the past of all the neighbouring series. For identifiability reasons we force the diagonal elements of Γ to equal unity by scaling appropriately the diagonal β j,j elements. Lastly, while Γ is constructed and constrained to control for the structure of the learned models (as per our assumptions), the actual value of the final parameters W is the result of combining it with the other learned matrix V. To confine the overall complexity of the final model W we impose a standard ridge penalty (Hoerl and Kennard, 1970) on the model parameters V.
The optimisation problem (3) is jointly non-convex, however, it is convex with respect to each of the optimisation variables with the other variable fixed. Therefore we propose to solve it by an alternating descent for A and V as outlined in algorithm 1 below. B is solved trivially applying directly the equality constraint of (3) 
// standard ridge regression end end begin Step 2: Solve for A and Γ foreach task k do input products h
∀ time point t and input series b task residuals after using own history
To foster the intuition behind our method we provide links to other well-known learning problems and methods. First, we can rewrite the weighted inner product in the loss function (2) as v b,k , γ b,k x t,b . In this "feature learning" formulation the weights γ b,k act on the original inputs and, hence, generate new task-specific features z
. These are actually used in Step 1 of our algorithm 1. Alternatively, we can express the ridge penalty on V used in eq. (3) as ||V|| 2
In this "adaptive ridge" formulation the elements of Γ, which in our methods we learn, act as weights for the ℓ 2 regularization of W. Equivalently, we can see this as the Bayesian maximum-a-posteriori with Guassian priors where the elements of Γ are the learned priors for the variance of the model parameters or (perhaps more interestingly) the random errors.
Leading Indicators for Clusters of Predictive Tasks
After explaining in section 3.1 the simplified case of learning a VAR with leading indicators for the whole system, we now move onto the more complex (and for larger VARs certainly more realistic) setting of the leading indicators being predictive only for parts of the system -clusters of predictive tasks.
To get started we briefly consider the situation in which the cluster structure (not the leading indicators) is known a priori. Here the models could be learned by a simple modification of algorithm 1 where in step 2 we would work with cluster-specific vectors α and matrices H and R constructed over the known cluster members. In reality the clusters are typically not known and therefore our CLVAR method is designed to learn them together with the leading indicators.
We use the same block decompositions of the input and parameter matrices X and W, and the structural matrices Γ = A+B = A−diag(A)+I and the rescaled parameter matrix V defined in section 3.1. However, we need to alter the structural assumptions encoded into the matrix A. In the cluster case A still shall have many rows equal to zero but it shall no longer have all the columns equal (same leading indicators for all the tasks). Instead, we learn it as a low rank matrix by factorizing it into two lower dimensional matrices A = DG: the K × r dictionary matrix D with the dictionary atoms (columns of D) representing the cluster prototypes of the dependency structure; and the r × K matrix G with the elements being the per-model dictionary weights, 1 ≤ r ≤ K. To better understand the clustering effect of the low-rank decomposition, Fig. 2 illustrates it for an imaginary system of K = 7 time series with rank r = 3. The d .,j j={1,2,3} columns in the top are the sparse cluster prototypes (the non-zero elements for the leading indicators are shaded). The circles in the bottom are the individual learning tasks and the arrows are the permodel dictionary weights g i,j . Solid arrows have weight 1, missing arrows have weight zero, dashed arrows have weight between 0 and 1. So for example, the solid arrow from the 2nd column to the 7th circle in Fig. 2(a) is the g 2,7 element of matrix G. Since it is a full arrow, it is equal to 1. The arrow from the 3rd column to the 2nd circle in Fig. 2(b) is the g 3,2 element of G. Since the arrow is dashed, we have 0 < g 3,2 < 1. Fig. 2(a) uses a binary matrix G (no dashed arrows) reflecting hard clustering of the tasks consistent with our initial setting of a priori known clusters. Each task (circle at the bottom) is associated with only one cluster prototype (columns of D in the top). In contrast, Fig. 2(b) uses matrix G with elements between 0 and 1 to perform soft clustering of the tasks. Each task (circle at the bottom) may be associated with more than one cluster prototype (columns of D in the top). Our CLVAR is based on this latter approach of soft-clustering of the forecast tasks.
Learning Problem and Algorithm for CLVAR
We now adapt the minimisation problem (3) for the multi-cluster setting
The relations of the optimisation matrices D, G, V to the parameter matrix W of the VAR model are as explained in the paragraphs above. The principal difference of the formulation (4) as compared to problem (3) is the low-rank decomposition of matrix A = DG using the fact that
. Similarly as for the single column α in (3) we promote sparsity in the cluster prototypes d .,j by constraining them onto the simplex. And we use the probability simplex constraints to sparsify the per-task weights in the columns of G so that the task are not based on all the prototypes. Step 2: Solve for D, G and Γ foreach task k do same as in algorithm 1 g .,k ← argmin g ||r .,k − H (k) g|| 2 2 , s.t. g on simplex // projected grad desc end concatenate vertically input product matrices H = vertcat(H (.) ) expand matrices to match dictionary vectorization
We propose to solve problem (4) by alternating descent algorithm 2. While non-convex, the alternating approach for learning the low-rank matrix decomposition is known to perform well in practice and has been recently supported by new theoretical guarantees, e.g. Park et al. (2016) . We solve the two sub-problems in step 2 by projected gradient descent with FISTA backtracking line search (Beck and Teboulle, 2009 ). The algorithm is O(T ) for increasing number of observation and O(K 3 ) for increasing number of time series. However, one needs to bear in mind that with each additional series the complexity of the VAR model itself increases by O(K). Nevertheless, the expensive scaling with K is an important bottleneck of our method and we are investigating options to address it in our future work.
Related Work
We explained in section 2.2 how our search for leading indicators links to the Granger causality discovery in VARs. As shows the list of references in the survey of , this has been a rather active research area over the last several years. While the traditional approach for G-discovery was based on pairwise testing of candidate models or the use of model selection criteria such as AIC or BIC, inefficiency of such approaches for builidng predictive models of large time series system has long been recognised 3 , e.g. Doan et al. (1984) .
As an alternative, variants of so-called graphical Granger methods based on regularization for parameter shrinkage and thresholding (along the lines of Lasso (Tibshirani, 2007) ) have been proposed in the literature. We use the two best-established ones, the lasso-Granger (VARL1) of Arnold et al. (2007) and the grouped-lasso-Granger (VARLG) of Lozano et al. (2009) , as the state-of-the-art competitors in our experiments. More recent adaptations of the graphical Granger method address the specific problems of determining the order of the models and the G-causality simultaneously (Shojaie and Michailidis, 2010; Ren et al., 2013) , the G-causality inference in irregular (Bahadori and Liu, 2012) and subsampled series , and in systems with instantaneous effects (Peters et al., 2013) . However, neither of the above methods considers or exploits any common structures in the G-causality graphs as we do in our method.
Common structures in the dependency are assumed by Jalali and Sanghavi (2012) and Geiger et al. (2015) though the common interactions are with unobserved variables from outside the system rather then within the system itself. Also, the methods discussed in these have no clustering ability. Songsiri (2015) considers common structures across several datasets (in panel data setting) instead of within the dynamic dependencies of a single dataset. Huang and Schneider (2012) assume sparse bi-clustering of the G-graph nodes (by the in-and out-edges) to learn fully connected sub-graphs in contrast to our shared sparse structures. Most recently, Hong et al. (2017) proposes to learn clusters of series by Laplacian clustering over the sparse model parameters. However, the underlying models are treated independently not encouraging any common structures at learning.
More broadly, our work builds on the multi-task (Caruana, 1997) and structured sparsity (Bach et al., 2012) learning techniques developed outside the time-series settings. Similar block-decompositions of the feature and parameter matrices as we use in our methods have been proposed to promote group structures across multiple models (Argyriou et al., 2007; Swirszcz and Lozano, 2012) Nevertheless, neither of these approaches learns sparse models and builds the clustering on similar structural assumptions as our method does.
Experiments
We present here the results of a set of experiments on synthetic and real-world datasets. We compare to relevant baseline methods for VAR learning: univariate auto-regressive model AR (though simple, AR is typically hard to beat by high-dimensional VARs when the domain knowledge cannot help to specify a relevant feature subset for the VAR model), VAR model with standard ℓ 2 regularisation VARL2 (controls over-parametrisation by shrinkage but does not yield sparse models), VAR model with ℓ 1 regularisation VARL1 (lasso-Granger of Arnold et al. (2007)), and VAR with group lasso regularisation VARLG (grouped-lassoGranger of Lozano et al. (2009)). We implemented all the methods in Matlab using standard state-of-the-art approaches: trivial analytical solutions for AR and VARL2, FISTA proximal-gradient (Beck and Teboulle, 2009 ) for VARL1 and VARLG. The full code together with the datasets amenable for full replication of our experiments is available from https://bitbucket.org/dmmlgeneva/var-leading-indicators.
In all our experiments we simulated real-life forecasting exercises. We split the analysed datasets into training and hold-out sets unseen at learning and only used for performance evaluation. The trained models were used to produce one-step ahead forecasts by sliding through all the points in the hold-out. We repeated each experiments over 20 random re-samples. The reported performance is the averages over these 20 re-samples. The construction of the re-samples for the synthetic and real datasets is explained in the respective sections below. We used 3-folds cross-validation with mean squared error as the criterion for the hyper-parameter grid search. Unless otherwise stated below, the grids were: λ ∈ 15-elements grid [10 −4 . . . 10 3 ] (used also for VARL2, VARL1 and VARLG), κ ∈ {0.5, 1, 2}, rank ∈ {1, 0.1K, 0.2K, K}. We preprocessed all the data by zero-centering and unit-standardization based on the training statistics only.
For all the experiments and all the tested methods we fixed the lag of the learned models to p = 5. While the search for the best lag p has in the past constituted an important part of time series modelling 4 , in high-dimensional settings the exhaustive search through possible sub-set model combinations is clearly impractical. Modern methods therefore focus on using VARs with sufficient number of lags to cater for the underlying time dependency and apply Bayesian or regularization methods to control the model complexity, e.g. Koop (2013) . In our case, this is achieved by the ridge shrinkage on the parameter matrix V.
Synthetic Experiments
We designed six generating processes for systems varying by number of series and the Gcausal structure. The first three are small systems with K = 10 series only, the next three increase the size to K = {30, 50, 100}. Systems 1 and 2 are unfavourable for our method, generated by processes not corresponding to our structural assumptions: in the 1st each series is generated from its own past only and therefore can be best modelled by a simple univariate AR model (the G-causal graph has no links); the 2nd is a fully connected VAR (all series are leading for the whole system). The 3rd system consists of 2 clusters with 5 series each, both depending on 1 leading indicator. Systems 4-6 are composed of {3, 5, 10} clusters respectively, each with 10 series concentrated around 2 leading indicators 5 .
For each of the 6 system designs we first generated a random matrix of VAR coefficients with the required structure. We ensured the processes are stationary by controlling the roots of the model characteristic polynomials. We then generated 20 random realisation of the VAR processes with uncorrelated standard-normal noise. In each, we separated the last 500 observations into a hold-out set and used the previous T observations for training. Once trained, the same model was used for the 1-step-ahead forecasting of the 500 hold-out points by sliding forward through the dataset.
The predictive performance of the methods in the 6 experimental settings for multiple training sizes T is summarised in Fig. 3(a) 6 . We measure the predictive accuracy by the mean square error of 1-step-ahead forecasts relative to the forecasts produced by the VAR with the true generative coefficients (RelMSE). Doing so we standardize the MSE by the irreducible error of each of the forecast exercises. The closer to 1 (the gold standard) the better. The plots display the average RelMSE over the twenty replications of the experiments, the error bars are at ±1 standard deviation.
In all the experiments the predictive performance improves with the increasing training size and the differences between the methods diminish. CLVAR outperforms all the other methods in the experiments with sparse structures as per our assumptions (mostly markedly). But CLVAR behaves well even in the unfavourable conditions of the first two systems. It still performs better than the other two sparse methods VARL1 and VARLG and the non-sparse VARL2 in the 1st completely sparse experiment 7 , and it is on par with the other methods in the 2nd full VAR experiment. In Fig. 3(b) we show the accuracy of the methods in selecting the true generative Gcausal links between the series in the system. The selection error (the lower the better) is measured as the average of the false negative and false positive rates. We plot the averages with ±1 standard deviation over the 20 experimental replications. The CLVAR typically learned models structurally closer to the true generating process than the other tested methods, in most cases with substantial advantage.
6. Numerical results behind the plots are listed in the Supplement. 7. The AR model is in an advantage here since it has the true-process structure by construction. To better understand the behaviour of the methods in terms of the structure they learn, we chart in Fig. 4 a synthesis of the model matrices W learned by the sparse learning methods for the largest training size in the 4th system 8 . The displayed structures correspond to the schema of the W matrix presented in Fig.1. For the figure , the matrices were binarised to simply indicate the existence (1) or non-existence (0) of a G-causal link. The white-to-black shading reflects the number of experimental replications in which this binary indicator is active (equal to 1). So, a black element in the matrix means that this G-causal link was learned in all the 20 re-samples of the generating process. White means no G-causality in any of the re-samples. Though none of the sparse method was able to clearly and systematically recover the true structures, VARL1 and VARLG clearly suffer from more numerous and more frequent over-selections than CLVAR which matches the true structure more closely and with higher selection stability (fewer light-shaded elements).
Finally, we explored how the CLVAR scales with increasing sample size T and the number of time series K. The empirical results correspond to the complexity analysis of section 3.2: the run-times increased fairly slowly with increasing sample size T but were much longer for systems with higher number of series K. Further details are deferred to the Supplement. Overall, the synthetic experiments confirm the desired properties of CLVAR in terms of improved predictive accuracy and structural recovery.
Real-data Experiments
We used two real datasets very different in nature, frequency and length of available observations. First, an USGS dataset of daily averages of water physical discharge 9 measured at 17 sites along the Yellowstone (8 sites) and Connecticut (9 sites) river streams (source: Water Services of the US geological survey http://www.usgs.gov/). Second, an economic dataset of quarterly data on 20 major US macro-economic indicators of Stock and Watson (2012) frequently used as a benchmark dataset for VAR learning methods. More details on the datasets can be found in the Supplement.
We preprocessed the data by standard stationary transformations: we followed Stock and Watson (2012) for the economic dataset; by year-on-year log-differences for the USGS. For the short economic dataset, we fixed the hold-out length to 30 and the training sizes from 50 to 130. For the much longer USGS dataset, the hold-out is 300 and the training size increases from 200 to 600. The re-samples are constructed by dropping the latest observation from the data and constructing the shifted train and hold-out from this curtailed dataset.
The results of the two sets of experiments are presented in Fig. 5 . The true parameters of the generative processes are unknown here. Therefore the predictive accuracy is measured in terms of the MSE relative to a random walk model (the lower the better), and the structural recovery is measured in terms of the proportion of active edges in the G-causal 8. For space reasons, results for the other experiments are deferred to the Supplement. 9. USGS parameter code 00060 -physical discharge in cubic feet per second. Similarly as in the synthetic experiments, the predictive performance improves with increasing training size and the differences between the methods get smaller. In both experiments, the non-sparse VARL2 has the worst forecasting accuracy (which corresponds to the initial motivation that real large time-series systems tend to be sparse). CLVAR outperformed the other two sparse learning methods VARL1 and VARLG in predictive accuracy as well as sparsity of the learned G-causal graphs. In the economic experiment, the completely (by construction) sparse AR achieved similar predictive accuracy. CLVAR clearly outperforms all the other methods on the USGS dataset. Fig. 5(b) explores the effect of the structural assumptions on the final shape of the model parameter matrices W in the same manner as in Fig. 4 . The CLVAR matrices are much sparser than the VARL1 and VARLG matrices, organised around a small number of leading indicators. In the economic dataset, the CLVAR method identified three leading indicators for the whole system. In the USGS dataset, the dashed red lines delimit the the Yellowstone (top-left) from the Connecticut (bottom-right) sites. In both these sets of experiments the recovered structure helped improving the forecasts beyond the accuracy achievable by the other tested learning methods.
Conclusions
We presented here a new method for learning sparse VAR models with shared structures in their Granger causality graphs based on the leading indicators of the system, a problem that had not been previously addressed in the time series literature.
The new method has multiple learning objectives: good forecasting performance of the models, and the discovery of the leading indicators and the clusters of series around them. Meeting these simultaneously is not trivial and we used the techniques of multi-task and structured sparsity learning to achieve it. The method promotes shared patterns in the structure of the individual predictive tasks by forcing them onto a lower-dimensional sub-space spanned by sparse prototypes of the cluster centres. The empirical evaluation confirmed the efficacy of our approach through favourable results of our new method as compared to the state-of-the-art. Table 1 lists the measurement sites of the Water Service of the US Geological Survey (http://www.usgs.gov/) whose data we use in the USGS experiments in section 5.2 of the main text. The original data are the daily averages of the physical discharge in cubic feet per second (parameter code 00060) downloaded from the USGS database on 9/9/2016. We have used the data up to 31/12/2014 and before modelling transformed them by taking the year-on-year log-differences. Table 3 lists the macro-economic indicators of Stock and Watson (2012) used in our economic experiment in section 5.2 in the main text. Before using for modelling we have applied the same pre-processing steps as in Stock and Watson (2012) .
We have • transformed the monthly data to quarterly by taking the quarterly averages (column Q in table 3); • applied the stationarizing transformations described in table 2 (column T in table 3);
• cleaned the data from outliers by replacing observations with absolute deviations from median larger than 6 times the interquartile range by the median of the 5 preceding values.
Appendix B. Experimental results
This section provides further details on experimental results not included in the main text due to space limitation. 
z t is the original data, y t is the transformed series 6 shows the synthesis of the model parameter matrices W for the six synthetic experimental designs. The displayed structures correspond to the schema of the W matrix presented in Fig. 1 of the main text. For the figure, the matrices were binarised to simply indicate the existence (1) or non-existence (0) of a G-causal link. The white-to-black shading reflects the number of experimental replications in which this binary indicator is active (equal to 1). So, a black element in the matrix means that this G-causal link was learned in all the 20 re-samples of the generating process. White means no G-causality in any of the re-samples. Though none of the sparse method was able to clearly and systematically recover the true structures, VARL1 and VARLG clearly suffer from more numerous and more frequent over-selections than CLVAR which matches the true structures more closely and with higher selection stability (fewer light-shaded elements). The 4th experimental set-up is included in the main text as Fig. 4 . Ts=50, Clusters=5, Leading=10 Ts=100, Clusters=10, Leading=20
Figure 6: Synthesis of model parameters W Fig. 7 summarises the scaling properties of the CLVAR method with increasing increasing sample size T and the number of time series K. In each experiment, we selected a single hyper-parameter combination (near the optimal) and measured the time in seconds (on a single Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80GHz) and the number of iterations needed till the convergence of the objective (with 10 −5 tolerance) for the 20 data re-samples. We used the ℓ 2 regularised solution as a warm start. The empirical results correspond to the theoretical complexity analysis of section 3.2 in the main text. For an experimental set-up with fixed number of series K (and G-causal structure), the run-time typically grows fairly slowly with the sample sizes T . However, the increases are much more important when moving to larger experiments, with higher K and more complicated structures. Here the growth in run-time is accompanied by higher number of iterations. From our experimental set-up it is difficult to separate the effect of enlarging the time-series systems in terms of higher K from the effect of more complicated structures in terms of higher number of clusters and leading indicators. In reality, we expect these to go hand-in-hand so in this sense our empirical analysis complements the theoretical asymptotic complexity analysis of section 3.2 of the main text Table 4 provides the numerical data behind the plots of Fig. 3(a) in the main text. The predictive accuracy is measured by mean squared error (MSE) of 1-step-ahead forecasts relative to the forecasts produced by the VAR with the true generative coefficients (the Table 5 provides the numerical data behind the plots of Fig. 3(b) in the main text. The selection accuracy of the true G-causal links is measured by the average between the false negative and false positive rates. The avg and std are the average and standard deviation calculated over the 20 re-samples of the data for each experimental design. Table 7 provides the numerical data behind the plots of Fig. 5(b) in the main text. The sparsity of the learned models is measured by the proportion of active edges in the learned G-causality graph. The avg and std are the average and standard deviation calculated over the 20 re-samples of the data for each experimental dataset. 
